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REPRESENTATIONS OF FREE METABELIAN 2,-GROUPS

BY
JOHN F. LEDLIE

Abstract. For = a set of primes, a 2,-group is a group G with the property that, for
every element g in G and every prime p in m, g has a unique pth root in G. Two faithful
representations of free metabelian 2,-groups are established: the first representation
is inside a suitable power series algebra and shows that free metabelian 2,-groups
are residually torsion-free nilpotent; the second is in terms of two-by-two matrices
and is analogous to W. Magnus’ representation of free metabelian groups using two-
by-two matrices. In a subsequent paper [12], these representations will be used to
derive several properties of free metabelian 2,-groups.

1. Introduction.

1.1. If g is an element of a group G and n is a positive integer, one may consider
whether g has an nth root in G, that is, whether there is an element x in G such
that x"=g. In general, g need not have an nth root; on the other hand, it may
have several. If every element of G has exactly one nth root for every positive
integer n, G is called a group with unique roots or a Z-group.

More generally, with each nonempty set of primes =, there are associated three
classes of groups: the class &, consists of all groups in which pth roots (of all
elements) exist for every prime p € 7; %, consists of all groups in which pth roots
(whenever they exist) are unique for every p € =; the intersection of these two classes
&, N U, is denoted by 2, ; thus &, comprises all groups in which pth roots (of all
elements) exist and are unique for every p e n. For =46, % or 2, a group be-
longing to the class %, is called an Z,-group.

The class 2, forms a variety of algebras, that is, it consists of all algebras which
admit a certain set of operations and satisfy a certain set of identical relations. To
see this, we introduce a set Q, of operations, which consists of the group operations
(multiplication and formation of inverses) together with a set {p, | p € 7} of unary
operators in one-to-one correspondence with the set m; the set Q, is the set of
operations for the variety 2,. The identical relations or laws of 2, are the group
laws together with the additional laws, two for each p € =:

(xpp)” = x, xXPpp = X.

It is easy to see that a group is a Z,-group if and only if it admits this set of
operators {p, | p € 7}. Now a group G is metabelian if its second derived group
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G is trivial, or equivalently, if the law
[[x1, x2], [x3, x4]] = 1

is identically satisfied in G (where [x, y]=x"1y~lxy). If we add this one further
law to the set of laws which determine Z,, the resulting variety of algebras, which
we denote by I, is the variety of metabelian 2,-groups.

If B is a variety of algebras and X is an arbitrary set, the notion of free B-algebra
on the set X may be defined by means of a universal mapping property. For
example, a free metabelian 2,-group or free M,-group on the set X is a metabelian
2,-group Fyx for which there exists a mapping 6: X — Fy, such that the following
universal mapping property is satisfied:

“Given any metabelian 2,-group G and any mapping ¢: X — G, there exists a
unique homomorphism (of M,-groups) #: Fx — G such that the diagram

0

X"—)Fx

RN

G

commutes.”

It is easy to see that such a free algebra is determined up to isomorphism by
the cardinality of the set X, which is then called the rank of Fy. A general result of
universal algebra due to G. Birkhoff [6] asserts the existence of free algebras of all
ranks in any variety of algebras satisfying certain conditions; in particular, free
2,-groups and free metabelian 2,-groups of all ranks exist.

In this paper, it is almost always an arbitrary but fixed set of primes = which is
under consideration. So, except in §3.5, the subscript = is omitted and we write
2,8, % and M in place of Z,, &,, %, and I, respectively.

1.2. Groups with roots were first considered by B. H. Neumann [19], who
proved that every group can be embedded in an &-group. In [18], A. I. Mal'cev
proved that every torsion-free nilpotent group can be embedded in a Z-group
which is nilpotent of the same class. The most important paper on groups with
unique roots is due to G. Baumslag [1]. He considered free 2-groups and, in
particular, showed how to construct a free Z-group by starting with an ordinary
free group and gradually adjoining roots to it “in the freest possible manner”
using free products with amalgamated subgroups; this construction enabled him
to prove many interesting properties of free Z-groups. In [2], G. Baumslag con-
structed a free nilpotent-of-class-c 2-group as the direct limit of an ascending
sequence of free nilpotent groups. This method is important to us here, because it
gives a clue as to how one should try to construct a free metabelian 2-group
(see §3.2). T. MacHenry [14] was the first to consider free metabelian 2-groups.
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1.3. At least one important question about free 2-groups was left unanswered
in G. Baumslag [1]. To explain this, let Y={y; | i € I} be a set of indeterminates
and let Z[[Y]] be the “free” power series ring with integer coefficients in these
indeterminates. Let C denote the set of all elements in Z[[ Y]] which have constant
component 1; then C is easily seen to be a group under multiplication (see [17,
p. 310]). A well-known theorem of W. Magnus [15] asserts that gp (1+y; | i€ I)
is a free group freely generated by the elements 1+ y;, i€ l. Using the graded
structure of the ring Z[[Y1]], it is easy to show that C is residually torsion-free
nilpotent (for a definition, see [21, p. 30]), so this representation of free groups
implies that free groups are residually torsion-free nilpotent.

If now, instead of integer coefficients, we admit rational numbers, that is, if we
consider the power series algebra Q[[ Y]], then D, the set of elements in Q[[ Y]]
with constant component 1, is a 2-group under multiplication (see [17, p. 316]).
So the question which naturally arises is whether 2-gp (1+y; | i € I) (the smallest
sub-2-group of D containing the elements 1+y;, i € I, see §2.2) is a free Z-group
on the set {1+, | i € I'}. Since D is also residually torsion-free nilpotent, it is clear
that if 9-gp (1+y,|iel) is a free D-group, it follows that free D-groups are
residually torsion-free nilpotent. In another paper [4], G. Baumslag proved that
the converse of this is also true; that is, he showed that if free 2-groups are
residually torsion-free nilpotent, then D-gp (1+y; | i € I) is actually a free Z-group.
Whether or not this is in fact the case is still not known.

The relevance of this to us is that we may consider the corresponding question
for free metabelian PD-groups. This question, whether or not free metabelian
D-groups are residually torsion-free nilpotent, was one of the main motivating
factors for the present work. It is answered in the affirmative in §4, not surprisingly,
by establishing a power series algebra representation of free metabelian Z-groups
closely analogous to Magnus’ representation of free groups in Z[[ Y]].

1.4. §2 of this paper gives some definitions and some basic facts about metabelian
D-groups. In §3, the so-called Main Theorem is proved. This is directly aimed at
obtajning representations of free metabelian 2-groups and states, in essence, that
if D is an “over-riding” metabelian 2-group and X is a subset of D, and if certain
conditions are satisfied, then 2-gp (X) is a free metabelian Z-group on the set X.

The Main Theorem is utilized in §§4 and 5 to obtain two representations of free
metabelian £-groups. The first of these is inside a suitable power series algebra and
shows that free metabelian 2-groups are residually torsion-free nilpotent as dis-
cussed above. The second representation is in terms of two-by-two matrices and is
analogous to W. Magnus’ representation of free metabelian groups using two-by-
two matrices.

1.5. This paper is taken from my Ph.D. thesis at New York University. [ would
like to express my gratitude to Professor Gilbert Baumslag for his advice and
encouragement during the period of this work. I would also like to thank Professor
W. Magnus whose lectures and seminars stimulated my interest in group theory.
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1.6. For the convenience of the reader, we list some of the notations used:
m an arbitrary nonempty set of primes,
[#] the set of positive integers which are products of primes in =,
I a well-ordered index set,
Z the ring of integers,
Q the field of rational numbers,
I', the additive subgroup of @ consisting of all rationals whose de-
nominators are in the set [#] (I'; is also a subring of Q),
ZG the group-ring of the group G,
|G| the order of the group G,
|g| the order of the element g,
gp (S) where S is a subset of a group, the subgroup generated by S,
2-gp (S) where S is a subset of a Z,-group, the sub-Z,-group generated by S,
[h, g] the commutator A~ 'g~thg of h and g,
[H,G] gp([h,g] | he H, g € G),
¥2G [y._1G, G], the nth group of the lower central series of G, where
1G=G,
viG {g€ G | g™ € y,G for some m € [x]},
v2G {g € G | g™ € y,G for some m € [}, the commutator =- ideal of G,
A the variety of all abelian 2,-groups,
M the variety of all metabelian 2,-groups,
N. the variety of all Z,-groups which are nilpotent of class at most c.

2. Some observations about metabelian 2-groups.

2.1. In this section, we introduce some definitions and prove some elementary
properties of metabelian 2-groups, which will be used throughout the paper. Most
of the definitions and results given in §§2.2-2.4 may be found in various forms in
one of the references [1], [8], [9] or [11].

2.2. Let G be an arbitrary group. A subgroup H of G is called a =-subgroup of
Gif

geG,pemw, g’e Himplies g€ H.
If G is a 2-group, it is easy to see that a w-subgroup of G is the same thing as a
sub-2-group of G.

Let G be an arbitrary group and let N < G. We call N a n-ideal of G or simply
an ideal of G (the set of primes = being understood as usual) if G/N € #. 1t is clear
that an ideal of G is a w-subgroup of G; however, a normal #-subgroup of G need
not be an ideal, even if G € 2 (see [1, p. 301)).

Any intersection of w-subgroups of a group G is again a m-subgroup of G, and
any intersection of ideals of G is again an ideal of G. If S is a subset of a group G,
the unique minimal 7-subgroup of G containing S is called the =-closure of S in G
and is denoted by cl, (S, G); similarly, the unique minimal ideal of G containing
S is denoted by id, (S, G).
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If G is a Z-group, S a subset of G, and H=cl, (S, G), then He £ and H is the
smallest sub-Z-group of G containing the set S; it is clear that H consists of those
elements of G which are obtainable from the elements of S by a finite number of
applications of the operations of multiplication, inversion and extraction of pth
roots for primes p € . In this situation, we say that the 2-group H is m-generated
by the set S and we write H=2-gp (S).

We next make the simple observation that if G and H are 2-groups and
$: G— H is a group homomorphism, then ¢ is a homomorphism of Z2-groups,
that is,

(g% = (g)*'* forge G, pem,

(where g'/? denotes the unique pth root of g). Alternatively, we might say that the
category of Z-groups and their homomorphisms is a full subcategory of the
category of groups.

It is easy to see that the three Isomorphism Theorems and the Correspondence
Theorem of group theory (see [22, pp. 24-28]) may be carried over to give analogous
theorems for Z-groups, the role of “normal subgroup of a group” being played
by “ideal of a 2-group”. The proofs follow at once from the group theoretical
results using the following lemma.

LeEMMA 2.1. Let G be a D-group, let HZ G be a sub-D-group and let N < G be
an ideal of G. Then HN is a sub-2-group of G.

Proof. Let g€ G and p € = be such that g? € HN; we must prove that g € HN.
Since He & and, by an isomorphism theorem for groups, H/H N N~ HN/N,
we have that HN/N € &, so that HN/N is a sub-2-group of the 2-group G/N.
Therefore (gN)*=g”?N € HN/N implies that gNe HN/N. Hence ge HN as
required.

We conclude these preliminary remarks by giving a realization of the free
abelian 2-group on a set X. The subgroup of the additive group of rationals Q,
consisting of those rational numbers, whose denominators are products of primes
in the set =, is denoted by I',. It is clear that I'; may also be considered as a subring

of Q.

PROPOSITION 2.2. The free abelian 2-group on a set X is isomorphic to the restricted
direct product of | X| copies of T;.

Proof. The proof consists of a straightforward verification that the direct
product of | X| copies of T, satisfies the universal property which characterizes the
free abelian 2-group on the set X. In this, it is useful to note that an abelian
2-group is the same thing as a I',-module.

2.3. A positive integer n is called a w-number if n is a product of primes in the set
= (see [8, p. 11]). The set of all m-numbers is denoted by [#]. We declare that
1 € [#] for all sets .
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For any group G, we define

(G) = {ge G| gl €[]

The elements of 7,(G) are called =-forsion elements of G. If 7,(G)=1, G is said to
be n-free.

In general, 7,(G) is not a subgroup of G, as may be seen by considering the free
product of two cyclic groups of order 2 and taking =={2}. However, if G is locally
nilpotent, we have

LemMA 2.3. Let G be a locally nilpotent group. Then
(i) 7,(G) is a fully invariant subgroup of G,
(i) G/7.(G) e %,
(iii) 7,(G) is the smallest normal subgroup of G which satisfies (ii); that is, if
N G is such that G/N € %, then v,(G)< N.

The only difficulty in the proof of Lemma 2.3 lies in showing that 7,(G) is a
subgroup. This follows at once from the following result whose proof is well known
and is omitted (see, for example, [8, p. 12]).

LEMMA 2.4. Let H be a nilpotent group generated by elements hy, h,, .. ., h,,
where |h|=m;, € [), 1Zi<r. Then H is a finite group and |H| € [x].

We now define a sequence of subgroups y2G, n=1, 2, . . ., of an arbitrary group
G. The subgroup ¥2G contains y,G, the nth group of the lower central series of G,
and it is defined by specifying y2G/y,G = 7,(G/y,G). In other words,

yiG = {ge€ G | g™ € ,G for some m € [x]}.

The facts about %G given in the next lemma follow from the definition using
Lemma 2.3.

LEMMA 2.5. Let G be a group and let n be a positive integer. Then
(1) v%,.G is a fully invariant subgroup of G,
(ii) G/vy%..G is a %-group and is nilpotent of class at most n,
(iii) 7 .1G is the smallest normal subgroup of G which satisfies (ii); that is, if
N G is such that G|N is a %-group and is nilpotent of class at most n, then
yR+1GSN.

2.4. We record a simple but useful lemma due to P. G. Kontorovi¢ [10] (see
[11, p. 244)).

LEMMA 2.6. Let G be a %-group, let g, h€ G, and let m,n € [n]. If g™ and h*
commute, then g and h commute.

2.5. In the study of metabelian 2-groups, the subgroup y3G and the factor
group G/y3G play a particularly important role. For any group G, y3G is called
the commutator ideal of G, the set of primes = being understood as usual.
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PROPOSITION 2.7. (i) Let G be a metabelian U-group. Then v3G and G|yiG are
both abelian %-groups.

(ii) Let G € M. Then viG € W and G/yiG € . That is, a metabelian D-group is an
extension of an abelian 2-group by an abelian 2-group.

Proof. (i) The only fact which has to be proved is that yZG is abelian. Let
g, h € ¥3G; then there exist m, n € [w] such that g™, h* € y,G. As G is metabelian,
y2G is abelian, so g™ and A" commute, which, by Lemma 2.6, implies that g and 4
commute. Hence yZG is abelian as required.

(ii) This follows at once from part (i), using the facts that a m-subgroup of a
D-group is a Z-group and that a homomorphic image of an &-group is an &-group.

PROPOSITION 2.8. Let F be a free metabelian D-group freely m-generated by the
elements x;, i € 1. Then F|yiF is a free abelian D-group freely m-generated by the
elements xy%F, i € I, so that (by Proposition 2.2)

FlyiF ~ Ty xTyx -+ (|| copies).

Proof. This requires only the usual argument to show that the abelian 2-group
F/yZF together with the set {x;y3F | i € I} satisfy the appropriate universal mapping
property.

2.6. Let G be an arbitrary metabelian %-group, and let K be an abelian ideal of
G such that G/K is also abelian. By Proposition 2.7(i), yZG is an example of such
an ideal; further, by Lemma 2.5(iii), we always have K= y%G. Denote the quotient
group G/K by B and the natural projection by 7:

7:G—G/K = B.

We shall be dealing with this kind of situation frequently throughout this paper;
whenever it occurs, we shall adhere to the following conventions:

(1) Elements of the module K will be denoted by small Latin letters a, b, c, . . .,
and the group operation in K will be written multiplicatively (because K is a sub-
group of the multiplicative group G).

(2) Elements of B will be denoted by Greek letters «, 8, y,..., and B will be
written multiplicatively.

(3) Elements of ZB will be denoted by capital letters S, T, U, . . . ; thus a typical
element of ZB is

(2.1) S =nmpi+nfs + - +nfy, njeZ B;eB, 1=j

IIA

L

(4) The action of group-ring elements on elements of the module K will be
written exponentially; thus, if ¢ € K, the element obtained by operating on ¢ with
SeZBis ¢S

The action of ZB on K is defined as follows: First choose a (left) transversal for
K in G, that is, a subset {t, | « € B}= G, whose elements are indexed by the elements
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of the group B, such that #,7=c for every « € Band t,=1. Then if S € ZB is given
by (2.1) and ¢ € K, define

cs — c“x”x +ngBy+ee kB — ta_llcnltpl . tB-zlcnzth e tg—, lcn,tﬁl‘

A standard verification shows that this action is independent of the choice of
transversal, and that it does make K into a ZB-module.

Note that there are many possible choices of transversal for K in G. But once a
transversal {¢, | « € B} has been chosen, the associated factor set is uniquely
determined; it is a mapping ( , ): Bx B — K, defined by

tatg = taﬂ(a, B), o, ﬁ € B.

Further, every element g € G is now uniquely expressible in the form g=¢,c, with
« € B, ¢ € K, and these multiply according to the formula

(2.0)-(t5d) = to5(, B)cPd, e,BeB, c,dek.

At various points in this paper, it will be convenient to introduce such a transversal
to investigate an extension. However, we emphasize that the structure of K as a
ZB-module is completely independent of this choice of transversal.

Of special importance to us will be situations in which K, considered as a
ZB-module is torsion-free. We recall the definition of this notion in our context:
the ZB-module X is said to be torsion-free if, whenever ¢S=1, where ¢ € K and
S € ZB, then either c=1 or S=0.

We introduce two notations to be used whenever we are dealing with such
extensions. Let G, K and B be as above; for m a positive integer and B € B, we
define an element T} ,, € ZB by

22) Tgm = 1+B+B2+ - +pm 1

After choosing a transversal {z, | « € B} for K in G, we.define, again for m a positive
integer and B € B, an element a; ,, € K by

23 agm = (B, B""1)-(B, 8"~ - - (B, 8- (B, B).

2.7. The following proposition brings out the connection between the existence
of roots of elements of a metabelian %-group G, and the existence of solutions of
certain ZB-module equations.

PROPOSITION 2.9. (i) Let G be a metabelian %-group, let K be an abelian ideal of
G, denote G/K by B and suppose B is an abelian 2-group. Let m be a w-number, let
B € B and let c € K. Then the equation

(*) xTﬁt"‘ = C,

for x € K, has at most one solution.
(ii) Choose a transversal{t, | « € B} for K in G. Then the equation (*) has a solution
if and only if the element tgmay ,c has an mth root in G.
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Proof. We first carry out an important calculation; for « € B and y € K, we have

(tay)m =l Yty 1y
= 12Ot Yt Pyt =) - (te  yta)y

= tmy1+¢+a9+m+am-1
« .

But
.= t:;n_ztata = ta'zn-atataz(“’ a) = t:"ataa(a, 0‘2)(“: @)
= = ta"'(a’ am—l)(a’ am-z). : '(“a “)-
Therefore
(2.4) ()" = ta"‘aa.m.}’T“'"'°

(i) Suppose that equation (*) has two solutions x, y € K, so that xTs.n=c=yTs.n;
then, using (2.4), we have

(tsX)™ = tgmag mXxTom = tgmag nC.

Hence the element #,x is an mth root of the element #zmag ,,c. But exactly the same
argument shows that #;y is an mth root of this element #sma; ,c. As m e [#] and
G € %, we must have t;x=1;y, so that x=y as required.

(ii) Suppose first that the equation (*) has a solution x € K. Then

(t,x)"' = tg"'ag,mxrﬁm = tﬂmaﬁ_mc,

so that the element #;ma, ,,c has an mth root in G.
Conversely, suppose that #zma; ,c has an mth root, ¢,y say, where € B, y € K.
Using (2.4), we then have

(2.5 ta"‘aa.myT“’”' = (to )" = tgnay,nC.

Comparing the two outer terms of this equality and using that every element of
G is uniquely of the form ¢,d, with y € B, d € K, yields t,»=1zn; therefore, «™=8"
and so «=p, because m € [r] and B e %. Replacing « by B in equation (2.5), we
obtain

tgmag Y om = tgmag mC.

Therefore yTs.m=c, so that equation (*) does indeed have a solution. This com-
pletes the proof of the proposition.

COROLLARY 2.10. Let G € M, let K be an abelian ideal of G, denote G/K by B
and suppose that B is abelian. Let m be a w-number, let B € B and let ¢ € K. Then
there is exactly one element x € K such that xTs.n=c.

Proof. This is an immediate consequence of the preceding proposition.

2.8. Note that the ideas discussed above hold, in particular, when K=y3G. We
consider now a situation in which we have two metabelian #-groups G and H
and a homomorphism ¢: G — H.
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ProPOSITION 2.11. (i) Let G and H be metabelian U-groups and let ¢: G — H be
a homomorphism. Denote G|y3G =B and H|y3H=B*. Then ¢ induces, in a natural
way, the structure of a ZB-module in the abelian group yiH. If {t, | « € B} is any
transversal for y3G in G, the action of ZB on yiH is given by the formula

(a*)mfatnafattmb = (15,4) =Y (a*)"1(t5,9)
“(t5,$) "1 @*)"a(t5,8) - - - (15, $) ~H(a*)(15,9),

fora*eyiH,andn;e Z,8,€ B, 1 Sj=1I.
(ii) Suppose, in addition, that H is a D-group. Let m €[], let B € B and let
c* € yZH. Then there is exactly one element x* € y3H such that

2.7 (x*)Tom = c*,

(2.6)

Proof. (i) The homomorphism é: G — H induces, in turn, homomorphisms
¢': B— B* and $: ZB— ZB*. As yZH is already a ZB*-module the homo-
morphism ¢ makes yZH into a ZB-module, the action being given by

(2.8) (@) = (a*)®, a*eyiH, SeZB;

and formula (2.6) follows without difficulty.

(ii) By definition, the action of the element T} ,, € ZB on yZH is exactly the same
as the action of the element TB,,,,$ (see equation (2.8)). A simple calculation shows
that Tj, ¢ =T}, . Since, by Corollary 2.10, there is exactly one element x* € yzH
such that

(x*)Ts0'm = c*,
we have the required result.

3. The Main Theorem.
3.1. The Main Theorem of the paper is aimed at obtaining representations of
free metabelian 2-groups.

MAIN THEOREM. Let = be an arbitrary set of primes. Let D be a metabelian
D-group and let {x; | i € I} be a subset of D. Suppose that D has an abelian ideal K
such that the following conditions are satisfied:

(i) D/K(=B) is a free abelian 2-group freely m-generated by the elements x,K,
iel

(ii) For every w-number m, gp (x}'™ |iel) is a free metabelian group freely
generated by the elements x}'™, i€ I.

(iii) K, considered as a ZB-module, is torsion-free.

Then F=2-gp (x; | i€ l) is a free metabelian D-group freely m-generated by the
elements x;, i € I.

In §§4 and 5, we exhibit two different examples of Z2-groups D with subsets
{x; | i € I} which satisfy the hypotheses of the Main Theorem. The present section
is devoted to proving this theorem.
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3.2. Before proceeding to the proof of the Main Theorem, we give some motiva-
tion for the ideas entering into it.

Let 9, be the variety of 2-groups consisting of all Z-groups which are nilpotent
of class at most c. In [2], G. Baumslag constructed the free algebras in the variety
RN, as direct limits of ascending sequences of free nilpotent-of-class-c groups.
Guided by this construction, we are led to try to construct a free M-group as the
direct limit of an ascending sequence of free metabelian groups. Let Go=\J-, M,
where M, is free metabelian on a set X, and the ascending chain is formed exactly
as in [2] (G, corresponds to the group G* in [2]).

It is clear that G, is a metabelian %-group. Also the construction is again the
“freest possible” in the sense that if H € M and ¢: X; — H is any mapping, there
is a unique homomorphism ¢,: G, — H which extends ¢. What fails here is that
G, is not an &-group. Cernikov’s theorem (see [11, p. 238]) was applicable to
establish the corresponding fact in the nilpotent case, but here G, is not nilpotent
so that this theorem does not apply.

Let B be a free abelian D-group of rank |X;|. It is not difficult to show that
Go/v2Go~ B, so that, by Proposition 2.8, G, has the same commutator quotient
group, modulo its commutator ideal, as the free M-group we set out to construct.
Consider yZG, as a ZB-module, as described in §2.6. Since G, ¢ &, there must be
elements g € G, and primes p € 7 such that g has no pth root in G,. Equivalently,
by Proposition 2.9, there must be elements ¢ € y3G, and 8 € B such that the equation

(3.1) xTos = ¢

has no solution x € y%G,. So, whereas the quotient G,/y2G, is correct, the com-
mutator ideal y3G, is not sufficiently large. If we are to carry the construction
further, we must adjoin to yZG, roots of equations of the form (3.1) and continue
to do this until all such equations have roots which, by Proposition 2.9, will
guarantee that we have arrived at an &-group.

In addition we must ensure that these adjunctions are carried out in a suitably
free manner, that is, in a manner such that the mapping é: X; — H, which has
already been extended to a homomorphism ¢,: G, — H, can continue to be ex-
tended to each successively enlarged group in the construction, until we have ¢
extended to the final &-group. It turns out that in order to achieve this freeness,
precisely what is needed is that the commutator ideals yZG of the successive
enlargements G should always be torsion-free, considered as ZB-modules. If we
could carry out this program, the final &-group arrived at would be a free metabelian
2-group on the set X;.

It would be quite possible to work out the details of the construction outlined
above, and this is in essence what T. MacHenry attempted to do in [14].

3.3. As a first step in the proof of the Main Theorem, we note that, as an im-
mediate consequence of the following lemma, it suffices to prove the theorem for
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the case in which the index set I is finite. The proof of the lemma requires only the
usual verification of a universal property and is omitted.

LemMMA 3.2. Let B be any variety of 2-groups and let F € B be w-generated by the
set {x; | i € I}. Then F is a free B-group on the set {x, | i € I} if and only if for every
finite subset J<I, D-gp (x, | i €J) is a free B-group on the set {x, | ieJ}.

3.4. We now give the proof of the Main Theorem for the case in which = is a
finite set of primes. Throughout this subsection, the following notation will be in
force:

T = {pl,pz,...,pk}, q = P1D2* * Dk
r = a fixed integer > 1, I={1,2,...,r},
B=T,xI;x---xI; (rcopies).

The proof will be carried out in a number of steps. We first describe the group
which corresponds to the group G, in the discussion in §3.2. Define groups M, by

M,=gp(x}"|1<isr), n=0,12,....

By hypothesis (ii), each M, is a free metabelian group freely generated by x}'<",
1<i=<r, and clearly

MoéMl <-.--= Mné"‘éR

We denote by G, the union of this sequence of subgroups of F:

(3.2) Go = Oo M, < F.
PROPOSITION 3.3. Let He M and let ¢: {x; | 1 Si<r}— H be any mapping. Then
there is a unique homomorphism ¢,: G, — H which extends ¢.

Proof. The uniqueness of such a homomorphism ¢,: G, — H is obvious; we
must prove its existence. Assume inductively that ¢ has been extended to a homo-
morphism ¢,_,: M,_, — H. As H € 9, each of the elements x}/a""'¢, _,, 1<i<r,
has a unique gth root in H, we define a mapping ¢,: {x}'®" | 1<i<r}— H by

Gt XH" > (X", ), 1S iS

As M, is free metabelian, the mapping ¢, extends to a homomorphism ¢,: M, — H.
Then ¢o=J>-1 ¢n: Go — H is the unique homomorphism which extends the
original mapping ¢.

Choose once and for all a canonical free m-generating set {e;, oy, . . ., ,} for the
free abelian 2-group B, and identify the isomorphic 2-groups D/K and B by
x K> o, 1Zisr. If : D— D/K=B is the natural projection, then 7: x,+> o,
1=isr.

LemMA 3.4, For each n=0,1,2,...,y.M,=M, N K,
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Proof. Consider the homomorphism 7,=n|y, : M, — B. It is clear that the
image of 7, is a free abelian group of rank r and that the kernel of 7, is M, N K.
Therefore y.M, <M, N K and M, [y, M,~M,/M, N K~ free abelian of rank r.
Hence y,M,=M, N K.

ProposITION 3.5. (i) D=GK,
(ii) Go N K=y3Go=7,Go= U:f= 0 Y2Mn,
(iii) Go/y2Go=Go/Go N K= B.

Proof. (i) Let d € D; certainly there exist integers n, ny, n,, . . ., n, such that
d.,) — a’l‘llqna§2’q"- . ,“?,lq".
Therefore there exists k € K such that
d = x1/"x3 " Xk,

which shows that d € GoK.
(i) First observe that the equality y,Go =2 ¢ y2 M, is immediate. Using result
(i), we have

(3.3) Go/Go N K ~ GoK/K = D|K ~ B.

In particular, Go/G, N K is an abelian #-group, so since y3G, is the smallest
normal subgroup of G, with this property (cf. Lemma 2.5(iii)), we have y3G, <
G, N K. Certainly y,Go<y%G,, so the proof will be complete if we can prove
that G, N K< v,G,. But this follows at once from Lemma 3.4.

(iii) This is contained in (ii) together with line (3.3).

The result D=G,K of Proposition 3.5(i) enables us to choose a left transversal
{t. | « € B} for D modulo K which is inside the group G,. Thus {t, | € B}=G,,
where t,n=o for all « € Band ¢, =1. This transversal, once chosen, is fixed through-
out the proof. Note that the corresponding factor set ( , ):Bx B— K given by
totg=1t.5(e, B), o, B € B, has its values inside G, N K=%3G,, a fact which will be
needed later on.

In the next proposition, we obtain some properties of the Z-group F=
2-gp (x| 1i<r). All dependence on the over-riding 2-group D is thereby
removed and the remainder of the proof takes place inside F.

PROPOSITION 3.6. (i) Let G be any subgroup of D which contains Gy:Gy, =G =< D.
Then G/G N K~ B; further, G N K, considered as a ZB-module, is torsion-free.
(ii) yiF=Fn K.

Proof. (i) Since the natural projection n: D — B, when restricted to G, still
maps G, onto B, we have G/G N K~ B. A simple check shows that our transversal
{t, | « € B} may also be used as a transversal for G modulo G N K. Now the fact
that G N K, considered as a ZB-module, is torsion-free follows from the hypothesis
that K, considered as a ZB-module, is torsion-free.
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(ii) By part (i), F/F N K~ B e ¥, so, by Lemma 2.5(iii), y2F < F N K. Therefore

the mapping

v: xyiF— x(F N K), 1Sisr,
induces an epimorphism v: F/yjF — F/F N K. Since F/FN K is a free A-group
freely m-generated by the elements x;(F N K), 1<i<r, v has an inverse. Hence »
is an isomorphism which implies y2F=F N K as required.

We are now ready to approach the most important step in the proof of the Main
Theorem. We have to prove that F is a free metabelian 2-group on the set
{x; | 1=i=r}. Given a metabelian 2-group H and a mapping ¢: {x, | | Si<r} — H,
we have established, in Proposition 3.3, that ¢ extends to a homomorphism
éo: Go — H; our aim now is to extend ¢, to a homomorphism &: F — H. This
will be achieved by gradually building up from G, to F, adjoining one root at a
time, and proving that at each stage the homomorphism ¢, from the group-before-
the-adjunction to H can be extended to a homomorphism ¢, from the group-after-
the-adjunction to H.

We describe the adjunction-of-a-root for an arbitrary group G lying between
Gy and F: Go=G=F. Let g € G be any element of G such that the gth root of g,
which exists as an element of F, does not belong to G. The enlarged group G,
with the root adjoined, is going to be simply gp (G, g*/9), but we shall derive a more
suitable expression for it. As g € G, there are unique elements e Bandc;, e G N K
such that

(34) g = tgecy.
Denote by c the element
(3.5) ¢ = ag 01,

where a; ,=(8, 8 1)-(B,8772)---(B,B) e Go N K. Thus ce G N K and c is deter-
mined by g. By Corollary 2.10, as Fe 9, there is a unique element xe FN K
such that

(3.6) xTs.q = ¢,

where T ,=1+B+---+B2 1€ ZB. Denote by {x} the normal subgroup of F
generated by the single element x or, what is clearly the same thing, the sub-ZB-
module of F N K generated by x. Noting that G and {x} are subgroups of F, with
{x} < F, we define our enlarged group G by

(3.7 G = G-{x}.

Thus, G is a subgroup of F containing G: Go,SG=<G<F; and G contains the
element g'/¢, indeed this motivated the selection of the element x; for ¢, € G so
that #,x € G and

(t5x)? = tgxt+B++pa71 (see proof of Proposition 2.9),
= tgedg o€ (see proof of Proposition 2.9 and line (3.6)),
=g (using (3.4) and (3.5)),
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so, in fact, t;x=g%. The truth of our statement above that G=gp (G, g'/%) is now
immediate.

It remains to be established that the enlargement from G to G has been
sufficiently free.

ProrosiTION 3.7. Let G, G, g, c, x, etc., be as above. Let H be a metabelian
D-group and let . G— H be a homomorphism such that (G N\ K)¢ <yiH. Then
there is a homomorphism ¢: G — H which extends ¢. Further (G N K)$ < vZH.

Proof. As a first step, we prove that yZH may be regarded as a ZB-module,
and that then ¢: G N K — y3H is a ZB-homomorphism. Let ¢o=4|g,: Go > H;
by Proposition 2.11(i), #, makes yZH into a ZB-module, the action being given by
the formula

(3.8) (@)rhar b = (t5,8) " H@*)"s(t5,8) - - - (t5,$) ~H(@*)"(15,8)

for a* € yZH, and n;€ Z, B, B, 1 £j=<I. A simple calculation now shows that if
k, keGN K and Se€ ZB, then (kk')p=(k¢)(k'4) and (k°¢)=(k$)S, so that
¢: G N K— yEH is indeed a ZB-homomorphism.

As a convention, we shall denote elements of H (or of ZB*, where B*= H/yZH)
which are images under ¢ (or under the induced ring homomorphism ¢: ZB —
ZB*) of elements of G (or ZB) by superscripting with “*”°. For example, c=
c*eviH.

We now define a ZB-homomorphism ¢': {x} - yZH. By Proposition 2.11(ii),
since H € M, there is a unique element x* € yZH such that

(3.9) (x*)Taa = c*.

As K considered as a ZB-module is torsion-free, every element of {x} is uniquely
of the form x5, with S€ ZB. A ZB-homomorphism ¢': {x} — y2ZH is therefore
defined by

' x5 1> (x*¥)5, SeZB.

We now have two homomorphisms ¢: G — H, ¢': {x} — yZH. We claim that
they agree on the intersection G N {x}=(G N K) N {x}. For if k € (G N K) N {x},
say k = x5, S € ZB, then

kTsa = (x5)780 = (xTs.0)5 = 5 (using (3.6)).
Therefore
(k¢)Ts.0 = (x°¢)To:0 = ((x*)°) 7o
= ((x*)T8.0)° = (c*);
and
(kp)s.a = (kTs0)d = ()¢
= () =,
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where we have used the fact that ¢: G N K — yZH is a ZB-homomorphism. Then,
by Proposition 2.11(ii), (k¢')Ts.« =(k¢)Ts.« implies k¢’ =k as required.

We are now in a position to define the homomorphism ¢: G — H. Recalling
that G=G-{x}, we define §: G — H by

‘53 g:1x51> (g14)(x%1¢"), g.€G, S,€ZB.

To see that ¢ is a well-defined mapping, let g,x51=g,x52, where g,, g, € G, S, S, €
ZB. Then g;'g,=x5%"51 € G N {x}; therefore, since ¢ and ¢’ agree on G N {x},
(857810 =(x%2"51)¢’, hence (g,4)(x"1¢") =(g29)(x"2¢"), as required.

To prove that ¢ is a homomorphism, we must prove that if B;, 8, € B, ky, ky €
G N K and S, S; € ZB, then

(15, k1 x51) (1 kax2))f = ((£5,K1%%))(15,52X°2)).

This is a straightforward calculation and is omitted.

The fact that 4 is an extension of ¢ is clear. Finally, we prove that (G N K)¢ <
y2iH. Let g,x%1 € G N K, where g, € G, S, € ZB; since x51 € K, g, € K also; hence
g: € G N K so that g,¢ € yZH, by hypothesis, and the result follows. This com-
pletes the proof of the proposition.

Once the adjunction-of-a-root process has been described and Proposition 3.7
has been established, the proof of the Main Theorem (with  a finite set of primes)
is a fairly straightforward matter. We proceed by means of a well-known *tower of
subgroups’ method. We shall construct subgroups G,, n=0, 1, 2, .. ., of F, where
G, is the group defined by equation (3.2), such that G, <G, =---=G,_,=<G, <
--- =F, and such that for all elements ge G,_;, g€ G,. Then JZ-, G, is an
&-group, so that U2, G,=F.

Assume inductively that G,_, has been defined (G, starts the recursive defini-
tion); we show how to construct G,. Since F is finitely m-generated, it is clear that
F is countable. Enumerate the elements of G,_; in a sequence:-

Goo1 ={81:82 -+ »81-158ps -+ -}
Define a sequence of groups G ,, j=0, 1, 2, ..., such that
(3.10) Gn—l = Gslo..).l é G;lll é cte é GS{:]:!') é Gsij)—l é e é F

recursively as follows. Define G, =G, _; and assume inductively that GY-} has
been defined; to define GY).,, consider the element g, € G,_, =GY-P:

if gt1 e GY- P, we simply set G{2, = GY-P;

if g}'e ¢ GY-P, we carry out the adjunction-of-a-root process for
the group GY-’ and the element g,, and denote the resulting group
by G2 ,; thus, in this case, G{., = GY-P.

This yields a sequence of groups G¢2.,, j=0, 1, 2,.. ., satisfying (3.10), and with
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the property gj/? € GY2,,j=1, 2, . ... We define G, to be the union of this sequence:

©

Gn = U GS,”_I.

350
It is clear that our requirement g'? € G, for all g € G, _;, is satisfied.

PROPOSITION 3.8. Let H be a metabelian D-group and let ¢,,_,: G,_., — H be any
homomorphism such that (G,_, N K)¢,_,<yZH. Then there is a homomorphism
¢éa: G, — H which extends ¢, _,, and further (G, N K)¢,<vy3H.

Proof. It follows at once from Proposition 3.7 that we can define recursively a
sequence of homomorphisms

¢$.”_1:Gf;”.1—>H, j=0, 1,2,...,

such that, forj=1, 2, ..., {2, is an extension of $¢-1, and (GY2, N K)p{’, <yZH.
Then ¢, =20 ¢92, : G, — H does as required.

We can now, at last, complete the proof of the theorem. We use the expression
for F,

G.11) F= CJO G

established above. Let He M and let ¢: {x; | 1 Si<r} — H be any mapping. We
must prove that there is a unique homomorphism ¢: F— H which extends ¢.
The uniqueness of such a homomorphism is obvious because the set {x; | 1 <i<r}
m-generates F. We proceed with the existence.

By Proposition 3.3, there is a homomorphism ¢,: G, — H which extends the
mapping ¢. As y3G, is a fully invariant subgroup and since y3Go=G, N K, by
Proposition 3.5(ii), we have (G, N K)$o=(y2Go)po<y3H. It is now clear from
Proposition 3.8 that we can define recursively a sequence of homomorphisms

¢n: G — H, n=012,...,

such that, for n=1,2,..., ¢, is an extension of ¢,_,, and (G, N K)¢,=<y3H.
Finally, recalling (3.11), we see that the homomorphism

§= 0 4F>H

extends the original mapping ¢. This completes the proof of the Main Theorem
(with = a finite set of primes).

3.5. Once the Main Theorem has been established for a finite set of primes, it
is not difficult to prove it for an arbitrary set of primes. We now prove the Main
Theorem exactly as stated except that, in accordance with the remarks in §3.3, we
take the index set I to be finite: I={1, 2,...,r}.

In this one subsection only, we consider several different sets of primes, and we
specify the set of primes being referred to by means of a subscript.
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Let us denote by B, a free abelian 2,-group of rank r:
B,~T', xT',x.--xT, (rcopies).

Choose a free m-generating set {«, oy, . . ., o} for B,, and identify the isomorphic
9,-groups D/K and B, by x;K <> o4, 1 £i<r. The projection »: D — D/K=B, is
then given by

IA

N X > oy, 1si=sr.

We observe that if 7’ is any subset of the set of primes =, then %,.2%,, 6,26,
and 2,.292,. The proofs of these inclusions are immediate from the definitions.
In particular, B, may be considered as a Z,.-group and we may define

B, =9,,,-gp(a,| 1 §i§r);

then B, < B,, and it is clear that B, ~T',. xI';. x - - - x ;..
Now order the primes in the set 7 by increasing magnitude

T = {pl’pZ"~~apm"'}9

and introduce finite subsets =, == by
Ty = {P1, P2y - - > Pn}s n=12,....
As F=92,-gp (x; | 1 £i<r) may be considered as a Z, -group, we may define
Fop,=2,gpx|12isr), n=12,...

Our plan is to prove that each F, is a free metabelian &, -group on the set
{x;| 1=i=<r} and to deduce that F is a free metabelian Z,-group on this same set
by a simple “direct limit” argument.

Consider the projection n: D — B,. For n=1,2,..., we may consider D and
B, as 9, -groups and 7 as a homomorphism of D, -groups; then the preimage,
via 7, of the sub-2, -group B, < B, must be a sub-%, -group of D. We denote

D:r,, = x..n_ls n=12,...,

then, by an isomorphism theorem, D, /K~ B, . We claim that the following facts
are clear:

(1) D,, is a metabelian 2, -group.

(2) The set {x; | 1<i<r}is a subset of D, , so that F, <D, .

(3) K is an abelian w,-ideal of D, .

(4) D, /K= B, is a free abelian Z, -group freely m,-generated by the elements
xK,1Zi=r.

(5) For any m,-number m, gp (x}/™ | 1<i<r) is a free metabelian group freely
generated by the elements x}/™, 1 <i<r.

(6) K, considered as a ZB, -module, is torsion-free.
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All of these follow at once from the hypothesis of the Main Theorem and the
above discussion. The only one requiring any comment is (6), which follows from
hypothesis (iii) of the Main Theorem by writing down what it means to say that
K considered as a ZB, -module is torsion-free, and observing that it is an im-
mediate consequence of the fact that K considered as a ZB-module is torsion-free.
Therefore, since the Main Theorem has been established for a finite set of primes,
we conclude that each F,, n=1,2,..., is a free metabelian 2, -group freely
m,-generated by the elements x;, 1 Si<r.

The conclusion of the Main Theorem now follows from the observation that
F is the direct limit of the sequence

F,<F,<--<F, <--<F
We claim that
(3.12) F= 01 F, =~ injlim F,,.

For if fe F=2,-gp (x; | 1 =i=<r), f can be obtained from the elements x,, 1 <i<r,
by a finite sequence of operations: multiplying, forming inverses and extracting
pth roots for various primes p € w. In particular, only a finite number of root
extractions will be used. If N is an integer such that the primes corresponding to
all these root extractions belong to =y, it is clear that fe F, ; thus equality (3.12)
is established.

It is now immediate that Fis a free metabelian Z,-group on the set {x; | |<i=<r}.
For let H be any metabelian 2,-group and let ¢:{x; | | <i<r}— H be any mapping.
For each n=1,2,..., H may be considered as a 2, -group, so there is a unique
homomorphism ¢,: F,, — H which extends ¢. Clearly ¢,.,|r, =¢,, for n=
1,2, ..., therefore

=) b = injlimg,: F—> H
n=1

is the unique homomorphism from F into H which extends the mapping #. This
completes the proof of the Main Theorem.

4. Power series algebra representation.

4.1. In this section, our first representation of free metabelian 2-groups is
derived from the Main Theorem. This representation is inside a power series
algebra over the rationals and is comparable with W. Magnus’ representation of a
free group inside a ““free” power series ring (see W. Magnus [15], or [17, p. 310]).
Just as Magnus’ representation implies that free groups are residually torsion-free
nilpotent, our power series algebra representation implies that free metabelian
9D-groups are residually torsion-free nilpotent.

4.2. The power series algebra in which our representation takes place was con-
structed by G. Baumslag [5] for an entirely different purpose, namely to obtain a
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representation of the wreath product of two arbitrary torsion-free abelian groups.
The algebra A defined below is precisely the one used in [5], but our notation is
different.

Let Q be the field of rational numbers and let 7 be a well-ordered index set. Let
A be the power series algebra over @ in the indeterminates y;, z, i € I, subject to
the defining relations

4.1) 2y = Wiz = WYi—Yih = zz;—2;z, = 0, i,j,kel

It is easy to see that every nonzero element in the multiplicative subsemigroup of
A generated by the y; and z; is uniquely of one of the three forms

4.2) YuYia® Vs
4.3 ZyZy, 2y,

or

4.4) VeZuZigt 2,

where iy, iy, ..., i, k€I, and iy i, < - - - <i,. Elements of one of the forms (4.2),
(4.3) or (4.4) are called monomials, and the degree of a monomial is defined in the
obvious way. (The monomials in (4.2), (4.3) and (4.4) have degrees n,n,n+1
respectively.)

An element a € A4 is an infinite sum

a=atat+ag+---+a,+- -

where g, € Q, and a,, the so-called homogeneous component of degree n, is either
zero or a finite sum of @Q-multiples of monomials of degree n. For each a € 4, its
order v(a) is defined by

(@) =min{n|a, # 0} ifa#0,
= 00 ifa=0,

and a sequence 4,, n=0, 1,2, ..., of ideals of 4 is defined by
A, ={acAd|v(a) = n}.
It is clear that
4.5) n(_]o A, = (0).
It is also immediate that every element a € A can be expressed uniquely in the
form
(4.6) a = ayt+ay,ta,;+ay,

where a, € Q, and a,, (respectively a.., a,;) is a sum (in general infinite) of @-mul-
tiples of monomials of the form (4.2) (respectively (4.3), (4.4)).
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Now let
C={acd|a =1}
It is easy to show that C is not only a subgroup of the multiplicative semigroup
of A (see e.g. W. Magnus [15], or [17, p. 310]), but is also a Z-group, for any set
of primes = (see [17, p. 316, Problem 4]). We denote

x = 14+y+z, iel,
F = Q'gp(Xg | ieI).

The theorem which yields our power series algebra representation and which is
proved in this section is

THEOREM 4.1. F is a free metabelian D-group freely w-generated by the elements
X, 1€ L

Observe that it suffices to prove Theorem 4.1 for the case in which = is the set
of all primes. For if we can establish, for the set of all primes, that F is a free
metabelian 2-group on the set {x, | i € I}, it follows from the work in §3.5 that, if
w is any set of primes, the sub-2,-group of F n-generated by {x; | i€ I} is a free
metabelian Z,-group on this set. So throughout this section, it is to be understood
that we are dealing with the set of all primes.

4.3. We begin by recording some results about groups inside the power series
algebra which were proved by G. Baumslag in [5]. Introduce

Y=gp(+yl|iel), Y=2gp(+y|icl),
Z=gp(+z|iel), Z=9-gp(l+z|iel).
It is clear that Y and Z are free abelian groups on the sets {1+y, | ie I} and
{l+2z, | i € I} respectively, and that Y and Z are free abelian 2-groups on these
same sets. An isomorphism between Y and Z is determined by the mapping
l+y,—~> 1+z, iel; if 14+c,,€ Y and 1+c,,€Z are two elements which cor-

respond under this isomorphism, we denote this fact by 1+c¢,, <> 1+c¢,.
The following results were established in G. Baumslag [5]:

THEOREM 4.2. The subgroup of C generated by Y and Z is the (standard) wreath
product of Y by Z.

COROLLARY 4.3. (Recall that x,=1+y,+z;, i€ 1) The group Mo=gp (x, | ie )
is a free metabelian group freely generated by the elements x;, i € I.

THEOREM 4.4. Let My(n)={1+c € M, | v(c) Z n}, then Mo(n)=y,Mo,n=1,2,....
PROPOSITION 4.5. C is residually torsion-free nilpotent.

4.4. The next few results are to aid with computation inside the group C. Note
that if 1+ ¢ is an arbitrary element of C, then (cf. line (4.6))

4.7 I+c = 14cyy+catey, = (1+ca)(1+c,)(1 +cy2).
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This equality is immediate from the relations (4.1). As we are mainly concerned
with the yy- and zz-components of elements, we adopt the convention of denoting
by ¢}, an unspecified element of this form; thus ¢}, stands for any sum of @-mul-
tiples of monomials of the form (4.4).

LeEMMA 4.6. Let 1+c=1+c,,+c,,+ ¢y, be an element of C and let n be a positive
integer. Then
(l) (l + cyz)(l + cyu) = (l + cw)(l + cyz)a
(i) (I+cy)(d+c)=1+c)(1+cy)(1 + c;kz)a
(i) 1+ +c)=1+c)(1+c),
(@iv) (ny FCatCy)t = chy+cit+ c;‘z‘

Proof. These are all immediate from the relations (4.1), induction on n being
used for (iv). Note that in (iii) we are using our convention, and the c¥, on the
left-hand side is not the same as the ¢, on the right-hand side.

We observed, in the Introduction, that the class of Z-groups may be considered
as a variety of algebras, the operations of the algebras being multiplication, inver-
sion and extraction of pth roots for primes p € =. Let S be any set; by a D-word
in the elements of .S, we mean any expression obtained from the elements of S by
a finite number of formal performances of these operations. For a general definition
of the concept involved here, see B. H. Neumann [20, pp. 50-51].

PROPOSITION 4.7. Let w(sy, Ss, . . ., S,) be any D-word in the elements s,, s, . . ., S,,
and let

14¢9 = 14 ch+e+cf, 1sjsn,
be elements of C. Then

w(l+c®, ..., 1+c™)

4.8
“8) = w4+, ..., 1+c)-wl+ciy, ..., 1+c)-(1+ck).

Proof. Written in an obvious notation, equation (4.8) becomes
w(l+¢) = w(l +¢..)- w(l +¢,)- (1 +c).

We proceed by induction on the length |w| of w as a D-word (see [20, p. 51]).
If |w|=1, w=s, for some j, 1 £j<n, and the result is given by equation (4.7). Let
|w| =1 and assume the result has been proved for all 2-words of shorter length.
Then w is of one of the forms #~%, u*'* or u-v, where u and v are 2-words of length
less than /.

We deal with the first two possibilities simultaneously by supposing w=u2,
g € Q, where |u| <l If u(14+¢)=1+cyy+cz.+c),, the induction assumption gives

4.9) L+t +ck = u(l+e.) u(l+ey,) -(1+ck).
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Therefore

w(l+e¢) = (1+cyy+ci+ck)

’ ’ —1 ’ ’
= Ltgle+ et e+ 1D (o, et tepy?
4o 42@ZDG@mmA ) (0

m!
= (I1+cz)" (L +cp)* (1 +c3

329

(after a short calculation using Lemma 4.6(iv))

= (u(1+c.))* (u(l+e¢y,))-(14ck) (by equation (4.9))
= w(l+e¢..) - w(l+¢,,)-(1+c;

which completes this case.

The other possibility is that w=u-v, where |u| <, |v| </; we then have

w(l+¢) = u(l+c)-v(l1+c¢)
= u(l+ec..) u(l+ey,)-(1+ck)-v(l+e.)-v(1+¢y,)- (14+ck)
= u(l+ez) v(l+¢..) u(l+ey,) (1 +cy,)- (1 +cj;,

(using Lemma 4.6(i), (ii) and (iii))

= w(l+¢;.) - w(l+ey,)-(1+c}).
This completes the proof of the proposition.
PROPOSITION 4.8 (COMMUTATOR FORMULA). Let

l+c = 1+c.+ey+c,€C,
14¢ = 1+c,+ey,+c,.€C.
Then

(4.10) [14¢, 14+¢'] = 14yt CyaChz— CoyCoz— CyaCaz-

Proof. Denote A=c,,c;,+ €y.Ch.— CyCan— CyoCo, and observe that if 1+¢” € C,

then
4.11) (1+cMA = A,
A simple calculation shows that ¢(1+¢’)—(14+¢")c=A; therefore
[T4+e, 14+ = A4+c) Y (1+) A +c)1+C)
=1+ {1+(1+c) (1 +C)}
=1+ {1+1+)"H A+ )+ A)}
=1+(+o) ¥ (1+c) A

=1+4+A (by equation (4.11)).

This completes the proof of the proposition.
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COROLLARY 4.9. (i) Let K={1+c¢,, € C}. Then K is an abelian normal subgroup
of C, and y,C=< K.
(ii) C is a metabelian group.

Proof. (i) is immediate using the commutator formula (4.10). Then (ii) follows
at once from (i).

4.5. We are now ready to introduce the 2-group D inside C which corresponds
to the 9-group D of the Main Theorem. Referring to the definitions of ¥, Z and
1+¢yy <« 1+c;., see §4.3, we define

D ={l+cy+c.t+c,.€Clltcy,e Y, 1+c,€Z, 1+c, — 1+c,.}
Thus (cf. equation (4.7)), a typical element of D is

(l +zf])q1(1 +Ziz)q2 o '(l +zi‘)q"(l +J’£1)q1(1 +yiz)qz' ‘ .(1 +yﬁ)q‘.(1 +cyz),
iel,q;e @, 1=j=1

It is clear, from Proposition 4.7, that D is closed under multiplication, inverses
and extraction of nth roots for all positive integers n. As D < C € M, we have that
D is a metabelian 9-group. Also, certainly, x;=1+y,+z,€ D, for all ie .

We have already introduced K={1 +c¢,, € C}. By Corollary 4.9(i), K is an abelian
normal subgroup of D. The fact that K is an ideal of D and the verification of
hypothesis (i) of the Main Theorem are contained in the next proposition. As
usual, B denotes a free abelian 2-group on the set {o; | i€ I}.

PROPOSITION 4.10. The mapping n: D — B defined by
4.12) i (T+z)% - - (L+2z)W(1+ )% - (T+p)%- (L ey > offof2- - - off

is a surjective homomorphism with kernel K. Furthermore, D/K is a free abelian
D-group freely m-generated by the elements x;K, i € I.

Proof. It is immediate that 5 is a well-defined surjective mapping. The fact that
7 is a homomorphism follows from Proposition 4.7. It is also clear that ker n=K,
so that D/K~B. Finally, since xm=((1+2z)(1+y))m=c«, the free abelian
D-group D/K is freely n-generated by the elements x,X, i€ I.

Our aim is to prove that 2-gp (x; | i€ I) is a free metabelian 2-group freely
m-generated by these elements, and the conclusion of the Main Theorem yields
precisely that. The purpose of the next two subsections is to prove that hypotheses
(ii) and (iii) of the Main Theorem are satisfied.

4.6. To verify hypothesis (ii) of the Main Theorem, we must prove that, if m
is any positive integer, then

M"=gp(xi™|iel)

is a free metabelian group freely generated by the elements x{'™, i € I. To achieve
this, it suffices to prove that for every finite subset J= 1,

M’ = gp(xim|ield)
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is free metabelian freely generated by the elements x}/™, i e J. By Corollary 4.3,
the subgroup

M;=gp(x|iel)

of M’ is free metabelian freely generated by the elements x;, i € J. To continue,
we need the following simple lemma:

LeEMMA 4.11. Let B be a variety of groups and let G € B be an r-generator group
which is nilpotent. Suppose that G has a subgroup H which is a free B-group of rank
r. Then G is also a free B-group of rank r.

Proof. Let G=gp (g1, 82, - - -» &) and let{hy, h,, . . ., h,} be a set of free generators
for H. The mapping h;+> g;, | Si<r, determines a homomorphism of H onto G
with kernel N say. Suppose N#1; we shall show that this leads to a contradiction.

Since H/N~ G, H/N has a subgroup H,/N~ H and a nontrivial normal subgroup
N,/N such that (Hy/N)/(No/N)=~G. Continuing in this manner yields an ever-
increasing sequence of subgroups of G:

175N<N2<N3<"'§G.

But G, being a finitely generated nilpotent group, satisfies the maximum condition
for subgroups. This contradiction implies N=1, so that H~ G as was to be proved.

PROPOSITION 4.12. Let n be a positive integer and let B be the variety of groups
consisting of all metabelian groups which are nilpotent of class at most n. Then
M'ly, ..M’ is a free B-group of rank |J|.

Proof. Let us denote |J|=r, and recall that C(n+1)={1+ce C|v(c)=n+1}.
By Theorem 4.4,

(4.13) Yne1Mo = Mg N C(n+1),
and, by the proof of Proposition 4.5,
4.19) Yas1M' S M’ N Cn+1).

Now

MyM'nCon+1) . My M
M ACh+1) = MgN Cn+1) = ypuaMg

(4.15)

which is a free B-group of rank r. Therefore, by Lemma 4.11, M’/M’' N C(n+1)
is also a free B-group of rank r. Finally, from this fact, and from line (4.14) again,
we have that there exist homomorphisms.

M'IM' O Cn+1)—> M'Jya M’ — M'|M’  Cn+1),

whose composite is the identity on M’'/M’' N C(n+1). Hence M'[y, ..M’ is also
a free B-group of rank r. This completes the proof of the proposition.
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PROPOSITION 4.13. M’ is a free metabelian group freely generated by the elements

xim ield
i .

Proof. The mapping ¢: x;+— x}'™ determines an epimorphism : M; — M’;
we claim that ¢ is an isomorphism. For let 1#g € ker ¢; since M is residually
nilpotent (by Proposition 4.5, for example), there is an integer n such that
g ¢ yne1M;. Now ¢ induces an epimorphism

‘/;: M(;/'}’n+1M(; —>M'[yy M,

which, since both these groups are free B-groups of rank r and since such groups
are Hopfian, must be an isomorphism. But gy, ,M{ is a nontrivial element in the
kernel of . This contradiction shows that ker =1, so that My~ M’ as required.

4.7. The preceding proposition completes the proof that hypothesis (ii) of the
Main Theorem is satisfied. We turn now to hypothesis (iii), that K, considered as
a ZB-module is torsion-free. The next two lemmas will be used in the proof of this
fact.

Recall that Z is a free abelian 2-group freely w-generated by the elements
14z, iel For convenience of notation, let us denote by {1+z | 1<i<r} an
arbitrary finite subset of {1 +z; | i € I}.

LEMMA 4.14. Let 522 be an integer and let 1+v,, 1 £j<s, be distinct elements of
Z given by
(4.16) 14v; = (1+2z)%3(1 +25)% - - - (14 2,) %,
where q; ;€ Q, 1Zi<r, 1 £j<s. Let ny, n, . . ., ng be nonzero integers. Then
4.17) nv; +ngvg+ - - - +ngw, # 0.

Proof. Case 1. If all the g ; are (strictly) positive integers, each 1+v; is deter-
mined by its leading term z§i.szge.s- - -z%.s; since the 1+uv; are all distinct, these
leading terms are all distinct, so the result is immediate.

Case 2. Assume that g, ;€ Z for all i, j. Without loss of generality, we may
assume that all the v,’s are nonzero; for at most one of them could be zero; if
there is one equal to zero, we simply omit it (noting that s=2), and the result
(4.17) to be proved remains the same.

Now suppose that the result is false, that is, suppose that

4.18) mQ+v)+n(l+v)+ - +n(l+v)—(y+ny+---+n) = 0.

From the form (4.16) of each 1+v;, where here every g ; € Z, it is clear that there
is a large positive integer N such that if 1+v=(1+z,)"(1+2z)"---(1+z,)", then,
for each j; 1<j<s, the product (1 +v)(1+v;)=1+v;, when expressed in the form
(4.16) will involve only positive integer g; ,’'s. Further, the 14 are all different
from each other because the 1+v; were; and the 1+v; are all different from 1+v
because no v, was zero. Multiplying across (4.18) by 1+v gives

n(1+v)+ng(1+vg)+ - - - +n(l+vy)—(ny+ng+- - - +n)(1+0v) = 0.
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If n,+n,+ - - - +n,=0, this immediately contradicts Case 1. If n, +ny+ - - - +n,7#0,
it also contradicts Case 1, because the 1+0)’s are not only different from one
another but also from 1+v.

Case 3 (General Case). Here the g, ; are arbitrary rational numbers. Choose a
large positive integer N such that Ng, ;€ Z, 1 Zi<r, 1 <j<s, and define an endo-
morphism v of the power series algebra 4 by specifying:

v:y—0, iel,

vizi> (1+z)V -1, iel
This does define an endomorphism of 4 because the images of the y; and z;, i€ I,
satisfy the relations (4.1).

Now assume that the result (4.17) is false so that equation (4.18) holds. Applying
the endomorphism v to equation (4.18) gives

4.19) mA+v)+n(1+05)+--- +n(+05)—(m+ng+---+n) =0,
where
l+v}' = (l+zl)N"1.!(l+zg)""3-l° . .(1+zr)m,,,, 1<j<s.
Since these exponents Ng; ; are all integers and since the 1+vj are still all distinct

(because 1+v] =(1+v,)"), equation (4.19) is impossible by Case 2. This completes
the proof of the lemma.

LemMA 4.15. Let 1+c=1+¢,,+c¢,,+cy. € C, let 1 +k,, € K and let n be a positive
integer. Then

(D) A+ (I +k)(1+o)=(1+c) (1 +ky)(1 +c20),

(i) (1+0)~ A +k,)"(1 +c)=1+nk,(1+c.,).

Proof. Both of these are simple calculations, the second using induction on n.
PROPOSITION 4.16. K, considered as a ZB-module, is torsion-free.

Proof. Let n,8,+nyB2+ - - - +n,8, € ZB be any nonzero element, where n;#0,
1£j<s, and the B;’s are all distinct elements of B. Let 1#1+k,, € K. We must
prove that
(4.20) (l+k”z)”lﬂl+n3’3+'"+nnﬂt ;é 1.

For each j, 1 £j<s, choose an element (1 +v)(l +u,)(1+¢}) in D which pro-
jects, via 7, onto B, (cf. line (4.12)), where 1+u;€ ¥, 14+0v,€ Z. As 1+u; <> 1 +v,
the elements 14+v,, 1Sj<s, are all different from one another, because the B,’s
are all distinct. Therefore, the conditions of Lemma 4.14 are satisfied, so that

4.21) v = Ny +ngve+ - - - +n0g # 0.

From the definition of the action of ZB on K, and using Lemma 4.15(i), we see
that equivalent to equation (4.20) is

(422)  (I+o) ' (1 +k)"(1+01)- - - (1405 T (1 +Hky)™(1+0,) # 1.
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Assume that this result is false; that is, assume

(4.23) A +ov) (A +ky)™(1+0y)- - -A+o) (1 +ky)™(1+0) = 1.

Using Lemma 4.15(ii) and denoting n=n; +n,+ - - - +n,, this becomes

1+mk, (1+0)+nk,(1+0v)+ - - - +nk, (14+0) = 1,
that is

(4.24) ky(n+v) = 0.

Now from lines (4.1) and (4.4), we see that k,, is of the form

kyz = Z Yiwy,
iel
where each w; involves only z’s (no y’s). On substituting this expression for k,, in
equation (4.24), it follows at once that either k,,=0 or v=0. But these are both
impossible: k,,=0 contradicts the original assumption that 1+k,,+ 1, while v=0
contradicts equation (4.21).

Thus assumption (4.23) leads to a contradiction, so (4.23) is false and (4.22) is
established. This completes the proof of the proposition.

4.8. The verification that the hypotheses of the Main Theorem are satisfied by
the situation within the power series algebra is now complete. By the Main
Theorem, we conclude that F=9-gp (x, | i € I) is a free metabelian 2-group freely
w-generated by the elements x;, i € I, and this completes the proof of Theorem 4.1.

The most important consequence of this representation is the following theorem;
it follows at once from Proposition 4.5.

THEOREM 4.17. Free metabelian 2-groups are residually torsion-free nilpotent.

5. Matrix representation.

5.1. Our second representation of free metabelian 2-groups is in terms of two-
by-two matrices. It is a natural analog of a representation of free metabelian
groups by two-by-two matrices due to W. Magnus [16].

5.2. Let

I = a well-ordered index set,
A = free abelian group on the set {¢; | i € I} (written multiplicatively),
ZA = group-ring of A,
W = free ZA-module on the set {e, | i € I}.

It is easy to check that the set of all matrices of the form (% 9),c€ 4, we W, is
a metabelian group under matrix multiplication. W. Magnus [16] proved that the
subgroup

G.1) M, = gp ((:‘ ?) | ieI)

i
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is a free metabelian group freely generated by these matrices

(a‘ 0), iel
€; 1

(Magnus’ result is actually more general than this; he represents any group
X/[R, R], where X is a free group and R is an arbitrary normal subgroup; we have
described the special case in which R=y,X.)

We would like to obtain a similar representation of free metabelian 2-groups.
In particular, we must be able to extract mth roots for all =-numbers m; if we try
extracting an mth root of one of these matrices, we find, working purely formally,
that the matrix which when raised to the mth power gives (¢ ), where a#1, is

al/m
1/m __ .
((aa—ll)w {")

Thus in order to be able to extract mth roots, we need to be able to extract them
in the upper left-hand corner, and we must also be able to “multiply” by elements
of the form ((«!/™—1)/(«—1)) in the module in the lower left-hand corner. We are
therefore led to make the following definitions:

B = free abelian 2-group on the set {«; | i € I} (written multiplicatively),
ZB = group-ring of B.

Now B is a torsion-free abelian group, so by a theorem of F. W. Levi [13], B
is an ordered group; from this it follows at once that ZB is an integral domain,
and we may therefore define

F = quotient field of ZB,
V = vector space over F on the basis {e, | i e I}.

Preparing for an application of the Main Theorem, let

D={(f (1)) | BeB,ve V},
k= {(* 9 1ver)

0
X = (a' ), iel
(4] 1

PROPOSITION 5.1. D is a metabelian 2-group under matrix multiplication:

EIE Y- aren weer

‘v+v’ 1
K is an abelian ideal of F, and D|K is a free abelian 2-group freely m-generated by
the elements x;K, i€ I.
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Proof. The proof requires only simple verifications and is omitted. The last part of
the proposition may be proved by considering the epimorphism : D — B given by

n: (’: (1))1—>B

As usual, we denote F=2-gp{(x, |iel). Our matrix representation will be
established once we prove that hypotheses (ii) and (iii) of the Main Theorem are
satisfied ; for then we can conclude that F is a free metabelian 2-group freely
generated by the matrices x;, i € I.

5.3. The verification of hypothesis (iii) of the Main Theorem is very easy, so
we shall dispose of it first. First of all, we record some formulas which are useful
to have at hand when computing inside the 2-group D.

LeEMMA 5.2. Let a,f € B,u,ve V,qe ', and S € ZB. Then

C (5, ) o

=

(3 wE-m
® (GG D)= (e 1)
@ G G 1) =G )
® () = (s 3}

Proof. The proofs of formulas (i), (ii) and (iii) are straightforward calculations
and are omitted. Note that in (i), ¢ is an arbitrary number in I';, and so may be
positive or negative, integral or fractional.

To prove (iv), let S=mnB,+nyBs+ - - +npB, where 0#n,eZ, 1<j<t, and
B, B, - - -, By are distinct elements of B. For 1<j<¢, let (& 9) be any matrix in D
which projects via 5 onto §;. Then

('ll ?)S= (11‘ (l))n131+n3ﬁ3+-"+n¢3g
ECTEE e

- (‘ 0) (using (i) and (i)).

@

Su 1

This completes the proof of the lemma.
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PROPOSITION 5.3. K, considered as a ZB-module, is torsion-free.

Proof. Let (3 9)#¢ 9) e K and let 0#S € ZB; then using Lemma 5.2(iv), we

have
(1 O)S (1 0) (1 0)
= ;é F)
u 1 Su 1 0 1

for clearly Su#0 because S#0 and u#0. This completes the proof of the
proposition.
5.4. We proceed to the proof that hypothesis (ii) of the Main Theorem is satisfied:

PROPOSITION 5.4. Let m be a w-number and let M=gp (x}'™ | i€ I); then M is a
Jfree metabelian group freely generated by the matrices x}'™, i€ I

Proof. Let My=gp (x; | i € I); it is immediate from Magnus’ representation (cf.
line (5.1)) that M, is a free metabelian group freely generated by the elements
X, i € I. An epimorphism : My — M is determined by the mapping

P x> xiim, iel;

the proposition will be establisheg if we can prove that i is an isomorphism.
Let x=(¢ 9) ekery; we must show that B=1 and v=0. Now x can be
expressed as a group-word in the elements x;, i € I, say

— yl14l: 1 2 3 .
X = XAX{Z- - Xg8, LeZ i;el, 1 =j=s;
then

X = xjtimxfaim. . . xjs/m,
Computing the matrices x and xy from these expressions yields

1 ol 1
(a,ia,g ceeof 0)
X = ’

v 1
ly/m 1 1
ocdlmatg/m, . -a,:l"' 0
xz/x = , >
v 1
where
Iy 1 lg l
% 1 1 iy 1
3 L RN o 1w “ogte,
(5.2) % “a
-1 ts—1
4.+ qlsg _1+_'_ e,
1 l 8 b ai,_ l 8
a{zlm_ 1 laim __ ]
’ 1 a‘2
= i afg””afg’"'- . ~a§;’"‘e,1+ i a}g’"'- . .o,gilme‘2
5.3) St e
ai‘:l — a,” p—
TP .. Lt S— (,‘klmels Lt L] e,

a(,_l—l ag‘_l
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Since x € ker ¢, oftimefz'™. . .qfsm =] and v'=0, so we have at once that B=
oflef- - app=1.

Let e; be any basis vector which appears in the above expressions for v and v’,
and let f, f’ € F be its coeflicients in v, v’ respectively. We see from equations (5.2)

and (5.3) that, with obvious notation, if

n N
ofra—1 apz1—1
= 1,2M1,3. . .o 11 n2,2. . .22 ...
fl o — 1 ah.zalha “n.q + o — 1 alz,z afz,tg + ’
then
n1a/m_ ] n2,1/m __ 1
(A o ni1,2/m, n1 s/m n1,¢y/m ot B ng o/m ng,to/M .
fi= asT %2 %z %%y +%T i %2, +es
therefore

(54) (@@= Dfi = @@= Dagiagtg- el o+ (@21 = Degg- -afiint -,

(@—=Dff = (@™~ Dogiaimogisim. - -ajtn/™

o 1/m __ ng,alm, . M2,t02iM 4
+ (a2 1)“;3,3 %t + .

(5.5)

Certainly since m € [n], the endomorphism 8 of B induced by the mapping
0: o> af'™, iel,
is an automorphism. Therefore, the endomorphism 6 of ZB, given by
(niBitngBat - - - +1,B,)0 = ny(B10)+nx(B20)+ - - - +n,(B.0)

is also an automorphism. By inspection of equations (5.4) and (5.5), we see that
((s—1)£})0=(;—1)f/. But f =0, because v'=0, so we have ((c—1)f})0=0. As 0
is an automorphism of ZB, this implies (¢; —1)f;=0, so that f;=0. Since this holds
for all i eI, we finally have v=0 as required. This completes the proof of the
proposition.

5.5. All the hypotheses of the Main Theorem have now been verified, and our
matrix representation is established. The power series algebra representation had
the advantage of immediately implying that free metabelian Z-groups are
residually torsion-free nilpotent. The matrix representation is perhaps even more
useful for deriving properties of free metabelian 2-groups as we shall see in [12].
The advantage here is that we can actually write down, in closed form, an expres-
sion for the general matrix belonging to the Z-group F. Our next task is to deter-
mine this closed form.

5.6. For one of the applications in [12], it is convenient to be a little more
general; we introduce an arbitrary set of vectors v; € V, i € I, and denote

0
x{=(:: 1)’ iel, F' =9-gp(x|iel).

Throughout the following work, the prime () indicates that we are dealing with
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this more general situation; thus to omit the primes is equivalent to setting v;=e,,
iel We shall determine the most general form of an element of F’: we shall
prove, in Theorem 5.6, that F’ is equal to the set of matrices F* defined at line
(5.10); the form of elements of F will be given by the special case in which v,=e,
iel

Our method is directly motivated by the adjunction-of-a-root step in the proof
of the Main Theorem (cf. §3.4). Another contributing factor is the result of Propo-
sition 3.5(ii) that G N K=JZ., y2M,, together with the fact that if M=
gp (. | i € I) is a metabelian group, then y, M is generated as a Z(M/y,M)-module,
by the set of simple commutators {[y;, ¥,] | i,j€ I, i<j}.

We need some rather complicated definitions. First, let E be the following
subset of the ring ZB:

E=plrenu{(5=y) 1 #peBpen)

Define L to be the multiplicative subsemigroup (containing 1) of ZB generated by
the set E; a typical element of L is

o)) (5

I = 2 ( e )

DiD2- - ps(pl_l BZ—I ﬂt_l 4

where p;em, p,em, B.eB, 15j<s, 1=k=<t. Now E may be considered as a

subset of the field F, so it is reasonable to denote the subset of F consisting of all
inverses of elements of E by

- Birerfu () 1w semres)

The field F may be considered as an (associative) ZB-algebra. Define A to be the
sub-ZB-algebra (containing 1) of F generated by the set £ ~1; a typical element of
A is easily seen to be expressible in the form

1 Bi—1\"D /B, 1\ (B ]\ W
(5.6) a= le S;{ T DpED) . . prah (ﬁ,l,i_ 1) (ﬁgé— 1) et (Bﬁ""“ l) }:

where S;€ ZB, p,ew, piew, 0=m(j,k)eZ, 0=n(j,)eZ, 1=<j<s, 1Sk=1,
1£/=2u. In particular, 4 is a subring of F.
Next we introduce a subset W’ of the vector space V:

= {”{?} I i’jEI’ i< jne ['”]},
where w{™ is defined by

(67, 61 = (e )
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Using the formulas of Lemma 5.2, we obtain explicitly
Bt 1C it S ! C: )
(w—1) S C ) o
Now V is a vector space over F and 4 is a subring of F; so ¥ may be considered

as an 4-module. Define U’ to be the sub-4-module of V generated by the set
W', a typical element of U’ is

ijel, i<j, nel[n].

6.7 u=awi) +awn,+---+awr, aqed, 1=sIst

¥ may also be considered as a ZB-module. Define U; to be the sub-ZB-module of
V generated by the set W’; a typical element of Uj is

(58)  up = Sywi) +Sowiih, + -+ S,  S,€eZB, 1sIst

1,71

The reader may begin to see some sense in these definitions now. Before con-
tinuing with the definitions we indicate, in Lemma 5.5(iii), what the sub-ZB-
module U; of V represents. Referring to the discussion in §3.2 and the proof of
the Main Theorem in §3.4, and recalling the purpose of the primes, let

M; =gp ()" |ieD), ne[n],
G, = L[J]M,'. = gp (x| iel, ne[n)).
neln.
LeMMA 5.5. (i) For ne€ [n],

1 0
yeM, = M. N K = {(v 1) eM,:}.

(i) If ¢ 9 e Gg, then ve Us.

(iii) y2Go={G, 9) | uo € Ug}.

Proof. (i) The projection 7: (¢ 9B maps M, onto a free abelian group
freely generated by o}/", i € I, which shows that M, /(M, N K) is free abelian freely
generated by (x))!™(M, N K), i€ I. Therefore the homomorphism M, [y, M, —
M, [(M, N K), induced by the identity on M,, has an inverse, so that y,M,=
M, N K as required.

Gi) If ¢ 9 eGy, clearly ¢ 9) e M, for some ne [x], therefore, by part (i),
1 9 ey, M,. But y, M, is generated, as a Z(M,/y,M,)-module, by the matrices

1 0 .. .
[(e)M™, (xM*] = (w"" 1), i,jel, i<j.
1]

Therefore, using Lemma 5.2(iv), v is contained in the ZB-module generated by the
wim, that is v € Uj.

(iii) The inclusion = follows at once from part (ii). The reverse inclusion =
follows because y,Gy is a ZB-module which contains all the ZB-module generators

1 0)
by
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{(lllo (1)) | wpe Ua}.

Further, as we shall shortly prove, the A-module U’ consists of precisely the set
of vectors needed to describe the commutator ideal yZF’; that is

- {(, ) )
u 1

Returning now to our definitions, with each element 8 € B we associate a vector
vg € V as follows: B can be expressed uniquely in the form B=oflof2- - - ofr, where
qel,, iel,1=l<r, and i; <iy< - - - <i,; the vector v; € V is then defined by the

equati()ll
( " )QI( 2 )q2'°.( ; )q' ( )‘
v,l 1 U{z 1 U‘r 1 Up l

Explicitly, using the formulas of Lemma 5.2,

of the ZB-module

atqf_l 42,93 q + 32_1 43 q; + + aq":ll_l q; + a“""—l
Ve = o "'C('U, .. eodrp, “ e adry.; _i.
8 0‘11"] ®iy g A Oqz—la‘a %, Vi, air-1"l iy Yip -1 a,'—l ir

Note that, for every B € B,

B 0) ,
9 .
(59) (;, 1)<
Finally, we define a subset F* of the matrix group D by
~ B O)
.10 F = X '\,
(5.10) {(u,+u 1 |BeByeU}

Recall that

I

The statement which gives our explicit representation of the elements of F’ is
THEOREM 5.6. F'=F".

5.7. In this subsection, we give the proof of Theorem 5.6. Clearly for i€,
vs,=v;; therefore the m-generators of F’ belong to F”. So to establish that F’ < £,
it suffices to prove that F’ is a 2-group. Toward this end, we prove the following
lemma.

LeEMMA 5.7. Let o, B € B and let p € m, then
(1) Bvy+vg—0q5 € U,

(i) v,-14+a~tv, € Ug,

(iii) (" —1)/(c—1))vy—va11r € U’ if a#1.
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Proof. (i) By the remark at line (5.9),

Y T Y PR 2%

hence, by Lemma 5.5(ii), v, +v5— 0,45 € Uj.

(i) Similarly,
« O\/e"! O 1 0 ,
(va: 1)(”«’1 1) B (v¢‘1+a_lva 1) € Gos

hence, by Lemma 5.5(ii), v, -1+« v, € Ug.
(iii) Similarly,

pretd O\ ?/a 0 1 0
Y I Y Y DR R -
Vglle Uy (2% m [ 2%

hence, by Lemma 5.5(ii),

aP 1

Vg— (—a—_l—)v,,m eUg<s U'.

But U’ is an A-module, and (¢!’ —1)/(e—1) € A, since a#1; therefore

at’?—1] a—1 ,
o1\ g ) € UL
as was to be proved.

PROPOSITION 5.8. F' is a D-group.

Proof. Let o, B€ B, v, u” € U’. First, F’ is closed under multiplication:

(v,,:-u' (1)) (v,f-u” (1)) - (va:ful (l))’

where u; =(Bv,+v5—,5)+Bu' +u” € U’, using Lemma 5.7(i) and the fact that U’
is a ZB-module. Secondly, F is closed with respect to inverses

« 0)'1 ( a~t 0)
= ’
(va+u' 1 Ve-1+uy 1

where uy=—(v,-1+a"'v,)—a"u’ € U’, using Lemma 5.7(ii) and the fact that
U’ is a ZB-module. Finally, F* is closed under extraction of pth roots for primes
pem For a#1, we have

o 0 1/p al/’ 0
(v.,+u’ 1) N (v,,uv+u3 l)’

1/p _ 1/p _
o = (G Joemen + (S ) € U

where
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using Lemma 5.7(iii) and the fact that U’ is an A-module. For «=1, we have

(l 0)1/::_(1 0)
u 1 ~\ufp 1)

and u'/p € U’, because 1/p € A and U’ is an A-module. This completes the proof of
the proposition.

As observed before, the last proposition implies that F' < F”; we now establish
the reverse inclusion.

PROPOSITION 5.9. F'>F".

Proof. First, from the equality

V(P R

where (8, ) € Go<F’, we see that, to prove the proposition, it suffices to prove
that (( ) e F’, for all elements u € U’. Recall that L is the multiplicative sub-
semigroup of ZB generated by the set

E={plp€"}u{(/%) |1 #BeB,pew}.

We want to have some measure of the “length” of elements of L. If /€ L and ¢ is
a positive integer, we define |/| <7 to mean that / can be expressed as a product of
t elements of the set E (each being counted as many times as it appears). For

example, if
pri—1\ (Be=1\ (=1
= nen(55)(55) - (55)
then |/| s+t We also specify |1| <0 (where 1 € L).

It is clear from the definitions of L and A (the sub-ZB-algebra of F generated
by the set E~1, see line (5.6)) that for every a € A, there exists an element /, € L
such that /,a € ZB. Using this fact, it is also clear that for every element ue U’
(see lines (5.7) and (5.8)), there exists an element /, € L such that [,u € U; (where
we note that, as sets, LS ZB< A<F).

To prove that for every ue U’, (} 9) € F’, we proceed by induction on n, where
n is the length of the “shortest” element / € L such that /u € Uj. More precisely,
our induction assumption is the following: if ¥’ € U’ is such that there exists
I’ e L with |I’| n—1 such that /'u’ € Uj, then (}. $) € F’. In the initial case of the
induction, we have an element u € Uy already (because /=1 is the only element of
L such that |/| £0). In this case, Lemma 5.5(iii) gives that (} $) € F’; so this starts
the induction.

Now let ue U’ be such that there is an element /, € L with |/,| n such that
l,u € U,. Clearly (assuming /,# 1), there exist elements e € E and /' € L such that
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I,=el’, |I'| £n—1. Noting that eue U’, we then have I'(eu)=(el')u € Uj. Since
|| £n—1, the induction assumption yields

(5.11) (1 0) eF'.

eu 1

There are now two cases to consider, depending on whether e=p, pe =, or
e=(p*—-1)/(B—1),Be B, pen If e=p, p €m, line (5.11) gives {%, 9) € F’; then, as
F’' € 2 and p € =, we have

1 0\ (1 0\
(pu l) =(u I)EF’

which completes this case. If, on the other hand, e=(87—1)/(8—1), Be B, pe,

line (5.11) gives
( 1 0)
Br—1 eF’;
(=) 1

then, using the facts that (§, ) € F’ and that F' € 2 and p € =, we have

A D R
076 ez o) -G Der
o 1) \o, 1 (ﬁ_l)u 1 u 1

This completes the proof of the induction step and of the proposition.

5.8. The proof of Theorem 5.6 is now complete, so the explicit form (see line
(5.10)) of those matrices which occur in the 2-group F’ is known. It remains for
us to deduce some useful consequences.

COROLLARY 5.10. y2F'={(¢ 9 |ueU'}.

Proof. By Theorem 5.6, we have

F’nK=F’nK={C (1)) |ueU’}-

The projection 7: (¢ $)~> B maps F’ onto B, which shows that F'/F' N K is a
free abelian 2-group freely m-generated by the elements xj(F’ N K), i € I. Therefore
the homomorphism F’[y3F’' — F’[F' N K, induced by the identity on F’, has an
inverse, so that y2F'=F' N K as required.

COROLLARY 5.11. Let ¢’ € y3F'. Then there exist primes py, Pa, . . -5 Dsy D1s Pas - +»
p: € m, and elements By, Bs, . . ., B; € B, such that

(c/)plpsu-p,«ﬁ’fi - DI(By — 1)(BE3 - 1)/(By — 1)) (BFE — LB~ 1) 72G).

Proof. This is immediate from Corollary 5.10 and the proof of Proposition 5.9,
once we recall (cf. Lemma 5.2(iv)) that

1 0\ 1 0
(u l) =(Su 1), ueV,SeZB.
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COROLLARY 5.12. Let F be a free metabelian 2-group freely m-generated by the
elements x,, i € I; denote F[yiF by B and let

Go=gp(xt!™|iel, me [a]).

If c€viF, then there exist primes pi, Pas - - .s Pss Pis P2s---> Pt € and elements
Bl’ Bz, ceey Bt € B, such that

P, Dgee D ((BE1 = 1)/(B, = 1IN(BES = 1)/(B = 1))-+~((BPE = 1DI(B; — 1)
cht 1 € y2Uo.

Proof. If we remove the primes from the preceding work, that is, if we set
v;=e,;, i € I, the resulting matrix 2-group F is a free metabelian 2-group freely
m-generated by the matrices x;, i € I. Therefore the result is a special case of
Corollary 5.11.
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